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ACC FOR MLD’S FOR SURFACES ACCORDING TO
SHOKUROV
JINGJUN HAN, YUJIE LUO
Dedicated to Vyacheslav Shokurov with our deepest gratitude on the occasion of his
seventieth birthday
Abstract. We explain Shokurov’s proof of the ACC for mld’s for sur-
faces.
1. Introduction
We work over the field of complex numbers C.
The minimal log discrepancy (mld for short) introduced by Shokurov is an
important invariant in birational geometry. Shokurov conjectured that the
set of mld’s should satisfy the ascending chain condition (ACC) [6, Problem
5], and proved that the conjecture on termination of flips in the minimal
model program (MMP) follows from two conjectures on mld’s: the ACC
conjecture for mld’s and the lower-semicontinuity conjecture for mld’s [8].
Conjecture 1.1 ([6, Problem 5], ACC for mlds). Let d be a positive integer
and Γ ⊂ [0, 1] a set which satisfies the descending chain condition (DCC).
Then the set
Mld(d,Γ) := {mld(X ∋ x,B) | (X ∋ x,B) is lc,dimX = d,B ∈ Γ}
satisfies the ACC. Here B ∈ Γ means that the coefficients of B belong to the
set Γ.
Conjecture 1.1 in dimension 2 was proved by Alexeev and Shokurov in-
dependently. Shokurov’s preprint [7] was never published. In this note, we
will explain his proof in details.
Theorem 1.2 ([1, Theorem 3.6], [7]). Let Γ ⊂ [0, 1] be a set which satisfies
the DCC. Then Mld(2,Γ) satisfies the ACC.
Shokurov, Liu and the first author showed Conjecture 1.1 for exceptional
singularities in arbitrary dimensions [3]. More precisely, it was shown in
[3] that the conjecture holds for singularities (X ∋ x,B) admitting an ǫ-
plt blow-up, a class of singularities including any smooth germ (X ∋ x, 0).
Unfortunately, Conjecture 1.1 is still widely open in dimension 3. We refer
readers to [3] and references therein for a brief history and other progresses
towards Conjecture 1.1.
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2. Sketch of the proof of Theorem 1.2
In this section, we give a brief sketch of the proofs of the ACC for mld’s
for surfaces by Alexeev and Shokurov respectively.
Let (X ∋ x,B :=
∑
biBi) be an lc surface germ. It is well known that
if mld(X ∋ x,B) > 1, then X is smooth near x, and mld(X ∋ x,B) =
2 −
∑
nibi satisfies the ACC, where ni ∈ Z≥0. Thus it suffices to consider
the case when mld(X ∋ x,B) ≤ 1. We may assume that mld(X ∋ x,B) ≥ ǫ0
for some fixed ǫ0 ⊂ (0, 1).
In this case, mld(X ∋ x,B) is related to pld(X ∋ x,B), the partial log
discrepancy of (X ∋ x,B). Recall the following definition of pld(X ∋ x,B).
Definition 2.1. Let (X ∋ x,B) be an lc surface germ. Let f : Y → X be
the minimal resolution of X ∋ x, and we may write
KY +BY +
∑
i
(1− ai)Ei = f
∗(KX +B),
where BY is the strict transform of B, {Ei} are f -exceptional prime divisors
and ai := a(Ei,X,B) for any i. The partial log discrepancy of (X ∋ x,B),
pld(X ∋ x,B), is defined as follows. If x is a singular point, then we define
pld(X ∋ x,B) := min
i
{ai}.
If x is a smooth point, then we set pld(X ∋ x,B) := +∞.
Alexeev’s approach is from the bottom to the top. As one of keys steps
in Alexeev’s proof of the ACC for mld’s for surfaces [1, Theorem 3.8], he
claimed that if the number of vertices of the dual graph of the minimal
resolution of X ∋ x is larger enough, then pld(X ∋ x,B) = mld(X ∋ x,B),
see [2, Lemma 4.5] for a precise statement. Hence it suffices to show:
(1) the ACC for pld’s, and
(2) the ACC for mld’s for any fixed germ X ∋ x.
For (1), by the classification of surface singularities and results in linear
algebra, Alexeev showed that there is an explicit formula for computing
pld(X ∋ x,B), and the ACC for pld’s [1, Lemma 3.3]. For (2), let E be
an exceptional divisor over X ∋ x, such that a(E,X,B) = mld(X ∋ x,B),
it is enough to show that there is an upper bound for the number of blow
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ups at smooth closed points which is needed to extract E, or equivalently,
an upper bound for a(E,X, 0). For a proof of the existence of this bound,
see [1, Lemma 3.7] and [2, Theorem B.1] for the case when Γ is a DCC
set, and [5, Theorem 1.3] for the case when Γ is a finite set. Nakamura
conjectured that a(E,X, 0) is also bounded from above in high dimensions,
see [5, Conjecture 1.1], [2, Problem 7.17].
Shokurov’s approach is from the top to the bottom. First, we extract a
divisor E satisfying a(E,X,B) = mld(X ∋ x,B) on some smooth model Y0
over X. Next, we contract some other exceptional divisors on Y0 which are
“redundant”, and reach a “good” smooth model Y (see Lemma 4.1). We
may show that either the dual graph of f : Y → X belongs to a finite set
(see Theorem 2.2) or f is the minimal resolution of X ∋ x. Finally, we show
the set of mld’s satisfy the ACC in both cases.
Theorem 2.2 could be regarded as a counterpart of Alexeev’s claim when
pld(X ∋ x,B) 6= mld(X ∋ x,B).
Theorem 2.2. Fix ǫ0 ∈ (0, 1), Γ ⊂ [0, 1] a set which satisfies the DCC.
Then there exists a finite set of dual graphs {DGi}1≤i≤N which only depends
on ǫ0 and Γ satisfying the following.
If (X ∋ x,B) is an lc surface germ, such that B ∈ Γ, mld(X ∋ x,B) 6=
pld(X ∋ x,B), and mld(X ∋ x,B) ∈ [ǫ0, 1], then there exists a projec-
tive birational morphism f : Y → X, such that a(E,X,B) = mld(X ∋
x,B) for some f -exceptional divisor E, and the dual graph of f belongs to
{DGi}1≤i≤N . Moreover, mld(X ∋ x,B) belongs to an ACC set which only
depends on Γ.
We will give another proof of the ACC for pld’s which does not rely on
the explicit formula for pld’s.
Theorem 2.3. Let Γ ⊂ [0, 1] be a set which satisfies the DCC. Then
Pld(2,Γ) := {pld(X ∋ x,B) | (X ∋ x,B) is lc,dimX = 2, B ∈ Γ},
satisfies the ACC.
3. Preliminary
Definition 3.1. A pair (X,B) consists of a normal quasi-projective variety
X and an R-divisor B ≥ 0 such that KX +B is R-Cartier. A surface germ
consists of a pair (X,B) and a closed point x ∈ X, such that dimX = 2.
(X ∋ x,B) is called an lc surface germ if (X ∋ x,B) is a surface germ, and
(X,B) is lc near x.
Definition 3.2 (Minimal log discrepancies). Let (X ∋ x,B) be an lc germ.
The minimal log discrepancy of (X ∋ x,B) is defined as
mld(X ∋ x,B) := min{a(E,X,B) | E is a prime divisor over X ∋ x}.
The following lemma is well known. For a proof, see for example, [2,
Lemma 4.3]).
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Lemma 3.3. Let (X ∋ x,B) be an lc surface germ such that mld(X ∋
x,B) > 1, then mld(X ∋ x,B) = 2−multxB.
We recall some definitions which are related to the dual graph (c.f. [4,
Definition 4.6]).
Definition 3.4. Let C = ∪iCi be a collection of proper curves on a smooth
surface U . Define the dual graph DG of C as follows.
(1) The vertices of DG are the curves Cj .
(2) Each vertex is labelled by the negative self intersection of the corre-
sponding curve on U , we call it the weight of the vertex (curve).
(3) The vertices Ci, Cj are connected with Ci · Cj edges.
Let (X ∋ x,B) be an lc surface germ, f : Y → (X ∋ x) a projective
birational morphism from a smooth surface Y , such that centerX(Ei) = x
for any exceptional curves Ei, 1 ≤ i ≤ m. The dual graph DG of f is defined
as the dual graph of E = ∪1≤i≤mEi. In particular, DG is a connected graph.
Definition 3.5. A cycle is a graph whose vertices and edges can be ordered
v1, . . . , vm and e1, . . . , em (m ≥ 2), such that ei connects vi and vi+1 for
1 ≤ i ≤ m, where vm+1 = v1.
Definition 3.6. Let DG be a dual graph with vertices {Ci}1≤i≤m. We call
DG a tree if
(1) DG does not contain a subgraph which is a cycle, and
(2) Ci.Cj ≤ 1 for all 1 ≤ i 6= j ≤ m.
Moreover, if C is a vertex in DG that is adjacent to more than tree vertices,
we call C a fork of DG. If DG contains no fork, we call it a chain.
Lemma 3.7. Consider the following commutative diagram:
Y ′
g
//
f ′   ❆
❆
❆
❆
❆
❆
❆
❆
Y
f

X
where Y, Y ′,X are surfaces, Y, Y ′ are smooth, and f, f ′, g are projective
birational morphisms. If the dual graph of f is a tree whose vertices are all
smooth rational curves, then the dual graph of f ′ is a tree whose vertices are
all smooth rational curves.
Proof. Since g is a composition of blow-ups at smooth closed points, we may
assume that g is a single blow up of Y at a smooth closed point y ∈ Y .
Let E′ be the exceptional curve of g, {Ei}1≤i≤m the set of exceptional
curves of f on Y , and {E′i}1≤i≤m their strict transforms on Y
′. By assump-
tion E′i ·E
′
j ≤ g
∗Ei ·E
′
j = Ei ·Ej ≤ 1 for 1 ≤ i 6= j ≤ m. Since Ei is smooth,
0 = g∗Ei ·E
′ ≥ (E′i + E
′) · E′. It follows that E′ ·E′i ≤ 1 for 1 ≤ i ≤ m.
If the dual graph of f ′ contains a cycle, then E′ must be a vertex of this
cycle. Let E′, E′i1 , . . . , E
′
ik
be the vertices of this cycle, 1 ≤ k ≤ m. The
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vertex-induced subgraph by Ei1 , . . . , Eik of the dual graph of f is a cycle, a
contradiction. 
Definition 3.8. Let DG be a fixed dual graph. Let PDG be the set of all lc
surface germs (X ∋ x,B) with the following properties:
• there exists a smooth surface Y , and a projective birational mor-
phism f : Y → X, with dual graph DG,
• a(E,X,B) ≤ 1 for any E ∈ DG, and
• a(E,X,B) = mld(X ∋ x,B) for some E ∈ DG.
Lemma 3.9. Fix a DCC set Γ ⊂ [0, 1] and a dual graph DG whose vertices
{Ei}1≤i≤m are smooth rational curves. Then the set {a(E,X,B) | (X ∋
x,B) ∈ PDG , B ∈ Γ, E ∈ DG} satisfies the ACC. In particular, {mld(X ∋
x,B) | (X ∋ x,B) ∈ PDG , B ∈ Γ} satisfies the ACC.
Proof. For any surface germ (X ∋ x,B) ∈ PDG , let f : Y → X be a
birational projective morphism, such that the dual graph of f is DG. We
may write
KY + f
−1
∗ B +
∑
i
(1− ai)Ei = f
∗(KX +B),
where Ei are f -exceptional prime divisors and ai := a(Ei,X,B) ≤ 1 for any
i. For any 1 ≤ j ≤ m, we have
(KY + f
−1
∗ B +
∑
i
(1− ai)Ei) · Ej = 0,
which implies
f−1∗ B ·Ej − Ej
2 − 2 =
m∑
i=1
(ai − 1)Ei · Ej ≤ 0,
or 

E1 ·E1 · · · Em ·E1
...
. . .
...
E1 · Em · · · Em · Em




a1 − 1
...
am − 1

 =


w1 − 2 + f
−1
∗ B ·E1
...
wm − 2 + f
−1
∗ B ·Em

 ,
where wi = −Ei · Ei. Since B ∈ Γ, 0 ≤ f
−1
∗ B · Ej ≤ 2 implies that
{f−1∗ B ·Ej | (X ∋ x,B) ∈ PDG, Ej ∈ DG, B ∈ Γ} is a set which satisfies the
DCC. Thus {f−1∗ B · Ej + wj − 2 | (X ∋ x,B) ∈ PDG , Ej ∈ DG, B ∈ Γ} is
also a set which satisfies the DCC.
By [4, Lemma 3.40], (Ei · Ej)1≤i,j≤m is a negative definite matrix. Let
(sij)m×m be the inverse matrix of (Ei · Ej)1≤i,j≤m. By [4, Lemma 3.41],
sij < 0 for any 1 ≤ i, j ≤ m, and this shows that a(E,X ∋ x,B) belongs to
the set
{
m∑
j=1
sij(wj − 2 + f
−1
∗ B · Ej) + 1 | (X ∋ x,B) ∈ PDG , Ej ∈ DG, B ∈ Γ},
which satisfies the ACC. 
6 JINGJUN HAN, YUJIE LUO
Lemma 3.10. Fix ǫ0 ∈ (0, 1), and 1 ≥ γ > 0. Let (X ∋ x,B) be an lc
surface germ, such that mld(X ∋ x,B) ∈ [ǫ0, 1], and any nonzero coefficient
of B is greater than γ. Let Y be a smooth surface and f : Y → X a projective
birational morphism. Denote the vertices of the dual graph by {Ei}1≤i≤m,
and let {wi := −E
2
i }1≤i≤m, {ai := a(Ei,X,B)}1≤i≤m be the corresponding
weights and log discrepancies. Suppose that ai ≤ 1 for any 1 ≤ i ≤ m, then
we have the following:
(1) wk ≤
2
ǫ0
for any vertex Ek in the dual graph of f .
(2) If wk ≥ 2 for some k, then for any Ek1 , Ek2 which are adjacent to
Ek, we have 2ak ≤ ak1 + ak2. If the equality holds, then wk = 2, and
f−1∗ B ·Ek = 0.
(3) If Ek0 is a fork, then for any Ek1 , Ek2 , Ek3 which are adjacent to Ek
with wki ≥ 2 for 0 ≤ i ≤ 2, ak3 ≥ ak0. If the equality holds, then
wki = 2 and f
−1
∗ B ·Ei = 0 for 0 ≤ i ≤ 2.
(4) Let Ek1 , Ek0 , Ek2 be three vertices, such that Ek1 , Ek2 are adjacent
to Ek0. Assume that ak1 ≥ ak2. If either wk0 ≥ 3, or wk0 = 2 and
Ek0 · f
−1
∗ B 6= 0, then ak1 − ak0 ≥ δ, where δ := min{
ǫ0
3
, γ
2
} > 0.
Proof. We may write
f∗(KX +B) = KY + f
−1
∗ B +
∑
1≤i≤m
(1− ai)Ei.
For each 1 ≤ k ≤ m, we have
0 = (KY + f
−1
∗ B +
∑
1≤i≤m
(1− ai)Ei) ·Ek,
or
akwk = 2−
∑
i 6=k
(1− ai)Ei ·Ek − f
−1
∗ B · Ek.(3.1)
Since ǫ0 ≤ ai ≤ 1, akwk ≤ 2, and wk ≤
2
ǫ0
. This is (1).
For (2), by (3.1),
akwk ≤ ak1 + ak2 − f
−1
∗ B ·Ek ≤ ak1 + ak2 .
If the equality holds, then wk = 2, and f
−1
∗ B · Ek = 0.
For (3), let k = ki in (3.1) for i = 1, 2,
akiwki ≤ ak0 + 1− (f
−1
∗ B · Eki +
∑
j 6=k0,ki
Ej ·Eki) ≤ 1 + ak0 ,
or aki ≤
1+ak0
wki
. Thus let k = k0 in (3.1), we have
ak3 ≥ak0wk0 + 1− ak1 − ak2 + f
−1
∗ B ·Ek0
≥ak0(wk0 −
1
wk1
−
1
wk2
) + (1−
1
wk1
−
1
wk2
) ≥ ak0 .
If the equality holds, then wki = 2 and f
−1
∗ B ·Ei = 0 for 0 ≤ i ≤ 2.
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For (4), by (3.1), we have ak0wk0 ≤ ak1 +ak2−d, where d := f
−1
∗ B ·Ek0 +∑
j 6=k1,k2,k0
(1− aj)Ej ·Ek0 . Hence
ak1 − ak0 ≥
(wk0 − 1)ak1 − ak2 + d
wk0
≥
(wk0 − 2)ak1
wk0
+
d
wk0
≥ min{
ǫ0
3
,
γ
2
},
and we are done. 
4. Proof of Theorem 2.2
In this section, we will show Theorem 2.2. Lemma 4.1 is the key step in
the proof of Theorem 2.2.
Lemma 4.1. Let (X ∋ x,B) be an lc surface germ, such that 1 ≥ mld(X ∋
x,B) > 0 and mld(X ∋ x,B) 6= pld(X ∋ x,B). There exist a smooth
surface Y and a projective birational morphism f : Y → X with the following
properties:
(1) KY +BY := f
∗(KX +B) for some R-divisor BY ≥ 0 on Y ,
(2) there is exactly one f -exceptional divisor E such that a(E,X,B) =
mld(X ∋ x,B),
(3) E is the only f -exceptional (−1)-curve, and
(4) the dual graph of f is a chain whose vertices are smooth rational
curves.
Proof. Let g : Y0 → (X ∋ x,B) be a log resolution, such that a(E
′
0,X ∋
x,B) = mld(X ∋ x,B) for some g-exceptional divisor E′0. We may write
KY0 +BY0 = g
∗(KX +B) + F,
where BY0 ≥ 0 and F ≥ 0 are R-divisors with no common components. We
construct a sequence of (KY0 + BY0)-MMP over X as follows. Each time
we will contract a (−1)-curve whose support is contained in F . Suppose
that KY0 + BY0 is not nef over X, then F 6= 0. By the negativity lemma,
there exists a g-exceptional irreducible curve C ⊆ SuppF , such that F ·C =
(KY0+BY0)·C < 0. Since BY0 ·C ≥ 0, KY0 ·C < 0. Thus C is a g-exceptional
(−1)-curve. We may contract C, and get a smooth surface Y0 → Y1 over
X. We may continue this process, and finally reach a smooth model Yk
on which KYk + BYk is nef over X, where BYk is the strict transform of
BY0 on Yk. By the negativity lemma, F is contracted in the MMP, thus
KYk + BYk = g
∗
k(KX + B), where gk : Yk → X. Since mld(X ∋ x,B) ≤ 1,
E′0 is not contracted in the MMP.
We now construct a sequence of smooth models over X, Yk → Yk+1 → · · · ,
by contracting a curve C satisfying the following conditions each step.
• C is an exceptional (−1)-curve over X, and
• there is an exceptional curve C ′ 6= C over X, such that a(C ′,X,B) =
mld(X ∋ x,B).
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Since each time the Picard number of the variety will drop by one, after
finitely many steps, we will reach a smooth model Y over X, such that
f : Y → X and (Y,BY ) satisfy (1), where BY is the strict transform of Bk
on Y . Since mld(X ∋ x,B) 6= pld(X ∋ x,B), by the construction of Y ,
there exists a curve E on Y satisfying (2)–(3).
We only need to prove (4). By [4, Theorem 4.7], the dual graph of the
minimal resolution of X ∋ x is a tree whose vertices are smooth rational
curves. Since Y is smooth, f factors through the minimal resolution of
X ∋ x. By Lemma 3.7, the dual graph DG of f is a tree whose vertices are
smooth rational curves.
It suffices to show there is no fork in DG. Suppose that DG contains a
fork E′ 6= E. Denote {Ei}0≤i≤m the chain in DG, such that
• Ei is adjacent to Ei+1 for 0 ≤ i ≤ m− 1, and
• E0 = E
′, Em = E.
Denote ai := a(Ei,X,B) for 0 ≤ i ≤ m. By Lemma 3.10 (3), we have
a1 ≥ a0, and by Lemma 3.10 (2), ai+1−ai ≥ ai−ai−1 for any 1 ≤ i ≤ m−1.
Thus am − a1 ≥ 0, this contradicts (2).
So if DG is not a chain, then E is the only possible fork in DG. Let
F1, F2, F3 be three vertices in DG that are adjacent to E. Let h : Y → Y
′
be the birational morphism which contracts E, F ′1, F
′
2, F
′
3 the strict trans-
form of F1, F2, F3 on Y
′ respectively. Then the vertex-induced subgraph by
F ′1, F
′
2, F
′
3 of the dual graph of f
′ : Y ′ → X is a cycle. Since f ′ factors
through the minimal resolution of X ∋ x, by Lemma 3.7, the dual graph of
f ′ is a tree, a contradiction. 
Lemma 4.2. Fix ǫ0 ∈ (0, 1), Γ ⊂ [0, 1] a DCC set. Then there exists a finite
set of dual graphs G = {DGi}1≤i≤N which only depends on ǫ0 and Γ satisfying
the following. Let (X ∋ x,B) be an lc surface germ, and f : Y → X a
projective birational morphisms such that
• B ∈ Γ,
• mld(X ∋ x,B) ∈ [ǫ0, 1],
• mld(X ∋ x,B) 6= pld(X ∋ x,B), and
• f satisfies Lemma 4.1 (1)–(4).
Then the dual graph DG of f belongs to G.
Proof. By Lemma 3.10 (1), it suffices to show that the number of vertices
of DG is bounded from above.
Let E0 be the only (−1)-curve on Y . We may write
f∗(KX +B) = KY + f
−1
∗ B +
∑
i
(1− ai)Ei,
where ai = a(Ei,X,B). We have
0 = −2 + f−1∗ B · E0 − a0E0 · E0 +
∑
i 6=0
(1− ai)Ei ·E0.(4.1)
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Case 1: E0 is adjacent to only one vertex E1 of DG. Let {Ei}0≤i≤m be
the vertices of DG, and wi := −(Ei · Ei) for 0 ≤ i ≤ m.
1 w1
≥ b
wm
By (4.1), we have
a1 − a0 = f
−1
∗ B ·E0 − 1.
Since 1 ≥ a1 > a0 = mld(X ∋ x,B), it follows that f
−1B · E0 − 1 ∈ Γ
′,
where
Γ′ := {
∑
i
nibi − 1 | ni ∈ Z≥0, bi ∈ Γ} ∩ (0, 1]
is a DCC set. Thus there exists a positive real number b := minΓ′ such that
a1 − a0 ≥ b. By Lemma 3.10 (2), we have ai+1 − ai ≥ a1 − a0 ≥ b for any
0 ≤ i ≤ m− 1, and am ≥ bm. Since am ≤ 1, m+ 1, the number of vertices
of DG, is bounded from above by 1
b
+ 1.
Case 2: E0 is adjacent to two vertices E−1, E1 of DG. Let {Ei}−m1≤i≤m2
be the vertices of DG, and wi := −(Ei · Ei) for any −m1 ≤ i ≤ m2. For
convenience, we may assume that m1 ≥ 2.
w−m1
≥ δ
w−1 1 2
< δ
2 wm
≥ δ
wm2
If w−1 = w1 = 2, then we may contract E0 and get a smooth model
g : Y → Y ′ over X. Let E′−1, E
′
1 be the strict transforms of E−1, E1 on Y
′
respectively. We have E′−1 ·E
′
1 = 1 and E
′
i ·E
′
i = g
∗E′i ·Ei = −1 for i = ±1.
Thus (E′−1 + E
′
1)
2 = 0 which contradicts the negativity lemma.
So we may assume that w−1 > 2. Set γ := min{(Γ ∪ {1}) ∩ (0, 1]} > 0
and δ := min{ ǫ0
3
, γ
2
} > 0. By (2) and (4) of Lemma 3.10, ai−1 − ai ≥ δ
for any −m1 + 1 ≤ i ≤ −1. Since a−m1 ≤ 1, m1 ≤
1
δ
+ 1. Similarly,
m2 − m ≤
1
δ
+ 1, where m is the smallest non-negative integer such that
wi = 2 for any 1 ≤ i ≤ m. We may contract E0, E1, . . . , Em one by one,
each time w−1 will drop by one. By Lemma 3.10 (1), w−1 ≤
2
ǫ0
. It follows
that m ≤ 2
ǫ0
. Hence m1+m2+1, the number of vertices of DG, is bounded
from above by 3 + 2
δ
+ 2
ǫ0

Proof of Theorem 2.2. It follows from Lemma 3.9 and Lemma 4.2. 
5. ACC for pld’s and mld’s
Lemma 5.1 (IMT-decomposition). Fix ǫ0 ∈ (0, 1), Γ ⊂ [0, 1] a DCC set,
γ := min{(Γ∪{1})∩(0, 1]} > 0, and δ := min{ ǫ0
3
, γ
2
} > 0. There there exists
a finite set of graphs {Gi}1≤i≤N0 which only depends on ǫ0,Γ satisfying the
following.
Let (X ∋ x,B) be a surface germ of type An (n ≥ 3) with pld(X ∋ x,B) ≥
ǫ0 and B ∈ Γ, and DG the dual graph of the minimal resolution f : Y →
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X ∋ x, then exist a vertex E0 ∈ DG with a(E0,X,B) = pld(X ∋ x,B), and
a decomposition of DG into three parts I,M, T , such that I, T ∈ {Gi}1≤i≤N0 ,
where
(1) I is the vertex-induced subgraph of DG by {Ei}i≤0,
(2) M is the vertex-induced subgraph of DG by {Ek}1≤k≤m, where
ak+1 − ak = ak+2 − ak+1 < δ for any 0 ≤ k ≤ m− 1, and
(3) T the vertex-induced subgraph of DG by {Ek}k>m, where ak+1−ak ≥
δ for any k > m.
w−m
I
w−1 w0 2
M
2
T
Proof. Let {Ek} be the vertices of DG, and Ek is adjacent to Ek+1 for all
k. Denote {wk} the weights of {Ek}, and ak := a(Ek,X,B) for all k. By
[4, Theorem 4.7], {Ek} are smooth rational curves on Y . We may write
f∗(KX +B) = KY + f
−1
∗ B +
∑
k(1− ak)Ek, and for any Ej ∈ DG,
0 = −2 + f−1∗ B ·Ej − akEj ·Ej +
∑
k 6=j
(1− ak)Ek · Ej.(5.1)
If a(E,X,B) = pld(X ∋ x,B) for any E ∈ DG, then we may take I := {E0},
where E0 ∈ DG which is adjacent to only one vertex, and M the vertex-
induced subgraph of DG by {Ek}1≤k, and T := ∅.
So we may assume that there exists E0 ∈ DG, such that a0 = pld(x ∋
X,B), and E0 is adjacent to a vertex E1, such that a1 > a0. We show that
there are two possibilities for this E0, either
• E0 is adjacent to only one vertex E1 with a1 > a0, or
• E0 is adjacent to two vertices E1, E−1, such that a−1 − a0 ≥ δ.
It suffices to show a−1 − a0 ≥ δ in the latter case. Let j = 0 in (5.1), we
have
0 < (a−1 − a0) + (a1 − a0) = f
−1
∗ B · E0 + (w0 − 2)a0.
Thus either (w0 − 2)a0 ≥ a0 ≥ ǫ0 ≥ 2δ or w0 = 2 and f
−1
∗ B · E0 ≥ γ ≥ 2δ.
Possibly switching E−1 and E1, we may assume that a−1 − a0 ≥ δ.
Letm be the smallest positive integer such that ak+1−ak ≥ δ, and I, T,M
the vertex-induced subgraph of DG by {Ei}i≤0, {Ek}1≤k≤m, {Ek}k>m re-
spectively. We claim that I,M, T satisfy Lemma 5.1 (1)–(3).
By Lemma 3.10 (4), wk = 2, f
−1
∗ B.Ek = 0 for any 1 ≤ k ≤ m, and by
Lemma 3.10 (2), ak+1−ak = ak+2−ak+1 for any 0 ≤ k ≤ m−1. By Lemma
3.10 (2), both the number of vertices in I and T are bounded from above by
1
δ
+1. By Lemma 3.10 (1), both I and T belong to a finite set of graphs. 
Proof of the Theorem 2.3. It suffices to show that Pld(2,Γ)∩ [ǫ0, 1] satisfies
the ACC for any given ǫ0 ∈ (0, 1). Let γ := min{(Γ ∪ {1}) ∩ (0, 1]} > 0,
δ := min{ ǫ0
3
, γ
2
} > 0.
Let (Xi ∋ xi, Bi) be a sequence of lc surface germs, such that
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• Bi ∈ Γ,
• pld(Xi ∋ xi, Bi) ∈ [ǫ0, 1], and
• {pld(Xi ∋ xi, Bi)}i is increasing.
It suffices to show that passing to a subsequence of (Xi ∋ xi, Bi), {pld(Xi ∋
xi, Bi)}i is a constant sequence.
Let fi : Yi → Xi ∋ xi be the minimal resolutions, DGi the dual graph of
fi, {Ek,i}k the vertices of DGi, wk,i := −(Ek,i ·Ek,i), and ak,i := a(Ek,Xi ∋
xi, Bi).
By [4, Theorem 4.7] and [4, Theorem 4.16], except for finitely many
graphs, all dual graphs DGi are of type An or type Dn (n ≥ 3). Possi-
bly passing to a subsequence of (Xi ∋ xi, Bi), by Lemma 3.9, we only need
to consider these two cases.
Case 1: The dual graphs DGi are of type An, n ≥ 3.
Let Ii, Ti,Mi be the IMT-decomposition of DGi in Lemma 5.1. Sup-
pose that Ii, Ti,Mi are the vertex-induced subgraph of DGi by {Ek,i}k≤0,
{Ek,i}1≤k≤mi , {Ek,i}mi<k respectively. Note that if {mi}i, the number of
vertices in {Mi}i, are uniformaly bounded from above, then by Lemma 3.9,
{a0,i = pld(Xi ∋ xi, Bi)}i belongs to an ACC set. Thus we may assume
that {mi}i is an unbounded sequence. Possibly passing to a subsequence of
(Xi ∋ xi, Bi), we may assume that:
• {mi}i is strictly increasing, and {si := a1,i − a0,i}i is decreasing as
misi ≤ 1 for any i,
• I := Ii and T := Ti are fixed graphs with weights wk := wk,i for any
i respectively, and
• the sequence {f−1i∗ Bi ·Ek,i}i is increasing for any vertex Ek,i ∈ Ii∪Ti.
For convenience, set a−m′−1,i := 1 for any i, where m
′ + 1 is the number of
vertices of I. Let j = k in (5.1) for any −m′ ≤ k ≤ 0 and any i, we have
ak−1,i − ak,i = f
−1
i∗ Bi ·Ek,i + (wk − 2)ak,i + (ak,i − ak+1,i).(5.2)
When k = 0, (5.2) becomes:
(a1,i − a0,i) + (a−1,i − a0,i) = f
−1
i∗ Bi · E0,i + (w0 − 2)a0,i,(5.3)
Since a0,i = pld(Xi ∋ xi, Bi) is increasing, the right hand side of (5.3) is
increasing respect to i. Note that {si = a1,i − a0,i}i is decreasing, {a−1,i −
a0,i}i as well as {a−1,i}i is increasing respectively.
By induction on k using (5.2), for any −m′ ≤ k ≤ 0, the sequences
{ak−1,i − ak,i}i, {ak,i}i
is increasing respectively. Since
1 = a−m′−1,i =
0∑
k=−m′
(ak−1,i − ak,i) + a0,i,
each summand must be a constant sequence. In particular, {a0,i = pld(Xi ∋
xi, Bi)}i is a constant sequence, and we are done.
12 JINGJUN HAN, YUJIE LUO
Case 2: The dual graphs DGi are of type Dn, n ≥ 3.
For each i, let E0,i denote the fork in DGi. By Lemma 3.10 (3), a0,i =
pld(Xi ∋ xi, Bi). Denote E1,i, E2,i, E3,i the vertices adjacent to E0,i, where
E3,i belongs to the chain DGi\{E1,i ∪ E2,i}. We decompose the dual graph
of fi into three parts Ii,Mi, Ti, where Ti, Mi Ii are the vertex-induced sub-
graphs of DGi by {Ek,i}0≤k≤3, {Ek,i}4≤k≤mi , {Ek,i}mi<k respectively, such
that ak+1,i − ak,i ≤ δ for 4 ≤ k ≤ mi.
By Lemma 3.10 (4),Mi only consists (−2)-curves whose intersections with
f−1∗ B are all zero. Again the number of vertices of Ii is uniformly bounded
from above by 1
δ
+ 1.
w1 w0
w2
w3
M
2
I
By passing to a subsequence, we may assume that:
• {mi}i is strictly increasing, and si := a3,i − a0,i is decreasing as
misi ≤ 1,
• I := Ii and T := Ti are fixed graphs with wights wk,i = wk (0 ≤ k ≤
3) for any i respectively, and
• the sequence {f−1i∗ Bi ·Ek,i}i is increasing for any vertex Ek,i ∈ Ii∪Ti.
For any i, let j = 0 in (5.1), we have:
a1,i + a2,i = 1 + f
−1
i∗ Bi ·E0,i + (w0 − 1)a0,i + (a0,i − a3,i).(5.4)
Let j = k′ for k′ = 1, 2 and all i, we have
ak′,i =
a0,i + 1− f
−1
i∗ Bi · Ek′,i
wk′
.(5.5)
Combine (5.4) with (5.5), we have
(
1
w1
+
1
w2
− 1)a0,i = (1−
1
w1
−
1
w2
) +Ri + Si,(5.6)
where
Ri :=
1
w1
f−1i∗ Bi ·E1,i +
1
w2
f−1i∗ Bi ·E2,i + f
−1
i∗ Bi ·E0,i,
and
Si := (w0 − 2)a0,i − si.
Note that {Ri}i, {Si}i are both increasing sequences. Since
1
w1
+ 1
w2
−1 ≤
0, the left hand side of (5.6) is decreasing, while the right hand side of (5.6)
is increasing, so both sides must be constant sequences.
If 1
w1
+ 1
w2
− 1 6= 0, then we are done as {a0,i = pld(Xi ∋ xi, Bi)} should
be a constant sequence. If 1
w1
+ 1
w2
− 1 = 0, then w1 = w2 = 2 thus both
sides of (5.6) equal to 0, which implies Si = 0. If w0 6= 2, then
a0,i =
si
w0 − 2
,(5.7)
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where the left hand side of (5.7) is increasing, and the right hand side of
(5.7) is decreasing. Thus a0,i is a constant sequence in this case. If w0 = 2,
then si = 0 for any i, thus the log discrepancy of any vertex of Mi equals to
pld(Xi ∋ xi, Bi). Apply the argument in Case 1 to Ii, we are done. 
Proof of Theorem 1.2. It suffices to prove that Mld(2,Γ)∩ [ǫ0, 1] satisfies the
ACC for all fixed n ∈ Z>0. This follows from Theorem 2.2 and Theorem
2.3. 
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